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Abstract
We propose a twisted D=N=2 superspace formalism. The relation between
the twisted super charges including the BRST charge, vector and pseudo scalar
super charges and the N=2 spinor super charges is established. We claim that
this relation is essentially related with the Dirac-Ka¨hler fermion mechanism.
We show that a fermionic bilinear form of twisted N=2 chiral and anti-chiral
superfields is equivalent to the quantized version of BF theory with the Landau
type gauge fixing while a bosonic bilinear form leads to the N=2 Wess-Zumino
action. We then construct a Yang-Mills action described by the twisted N=2
chiral and vector superfields, and show that the action is equivalent to the
twisted version of the D=N=2 super Yang-Mills action, previously obtained
from the quantized generalized topological Yang-Mills action with instanton
gauge fixing.
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1 Introduction
It is obviously one of the most fundamental issues to understand the origin of su-
per symmetry if any. The topological field theory proposed by Witten[1] posed a
possibility that N=2 Yang-Mills action can be generated by the twisted version of
super Yang-Mills action which is equivalent to the quantized topological Yang-Mills
theory. It was soon recognized that Witten’s formulation could be derived from
the “partially” BRST gauge fixed action of the topological Yang-Mills action with
instanton gauge-fixing [2-5]. Here the twisting procedure played an important role
to generate matter fermions from the ghost related fermions. After this proposal
there have been many systematic investigations on this subject[6-12], discovery of
a new type of supersymmetry[13-27], related topological actions[28-32] and a new
type of topological actions[33, 34].
In the investigations of the topological field theories of Schwarz type; Chern-
Simons action and BF actions, a new type of vector supersymmetry was discovered[13-
16]. It was recognized that this vector supersymmetry belongs to a twisted version
of an extended supersymmetry of N=2 or N=4. The origin of the vector supersym-
metry was recognized in some particular examples to be related to the fact that
the energy-momentum tensor can be expressed as a pure BRST variation[35-37]. It
was later stressed that a (pseudo) scalar supersymmetry was also accompanied to-
gether with BRST and vector supersymmetry[38]. The connection of the extended
supersymmetry and the quantization procedure of anti-field formalism by Batalin
and Vilkovisky was also investigated[39, 40].
Even with those intensive investigations on the relation between the quantized
topological field theories and twisted supersymmetry, there still remained unclear the
fundamental understandings of the relations between the BRST symmetry and the
vector and (pseudo) scalar supersymmetry, quantization of topological field theories,
and the twisting mechanism.
In the previous paper[12] one of the authors and Tsukioka showed that the
two dimensional twisted N=2 super Yang-Mills action can be derived by instanton
gauge fixing of the two dimensional version of the topological Yang-Mills action
of the generalized gauge theory. This quantized action has the close connection
with N=2 super Yang-Mills action obtained from the different context[41, 42]. This
two dimensional formulation is completely parallel to the Witten’s four dimensional
version of the topological field theory. In the paper it was explicitly shown how
the BRST charge, the charges of the vector supersymmetry and the pseudo scalar
supersymmetry constitute twisted N=2 super charges and are related to the spinor
super charges of N=2 supersymmetry in two dimensions. The twisting procedure
generating the matter fermions from ghost related fields is essentially equivalent to
the Dirac-Ka¨hler fermion formulation[12]. The R-symmetry of N=2 super symmetry
is nothing but the ”flavor” symmetry of the Dirac-Ka¨hler fermion fields.
The mysterious relations between the super charges of N=2 supersymmetry and
BRST charges and the newly discovered vector and peudo schalar supersymme-
try charges are cleared up. They have the same relations as the Dirac-Ka¨hler
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fermion fields and anti-symmetric tensor fields of differential forms in the Dirac-
Ka¨hler fermion formulation. The mechanism how the matter fermions are generated
from the ghost related fields by the twisting procedure is essentially Dirac-Ka¨hler
fermion mechanism itself, i.e. the matter fermions are generated by the ghost related
fields which have anti-symmetric tensor suffixes.
In this article we show that there exists twisted superspace formalism which nat-
urally accommodates the twisting procedure and the Dirac-Ka¨hler fermion mecha-
nism. So far most of the examples of the twisted supersymmetric models have only
on-shell N=2 or N=4 supersymmetry. We show that the quantized BF and super
Yang-Mills actions can have off-shell N=2 supersymmetry by introducing auxiliary
fields. We show that those quantized BF and Yang-Mills actions can be equivalently
formulated by a simple form of twisted N=2 chiral super fields and vector superfield.
We can thus establish the twisted superspace formalism in two dimensions which we
claim as the most essential formulation behind the twisted supersymmetry.
In this article Dirac-Ka¨hler fermion formulation plays a fundamental role. The
original idea that fermion field can be formulated by differential forms is old back to
Ivanenko and Landau[43]. It was later shown by Ka¨hler [44] that Dirac equation is
constructed from the direct sum of inhomogeneous differential forms which is called
Dirac-Ka¨hler field[45-50]. Here all the degrees of differential forms are needed to
express the Dirac-Ka¨hler fields with ”flavor” suffix which is shown to denote the
extended supersymmetry suffix as well.
In formulating the two dimensional super Yang-Mills action, we needed to start
from the two dimensional version of topological Yang-Mills action of the generalized
gauge theory. The generalized gauge theory is the generalization of the standard
gauge theory by introducing all the degrees of differential forms and can be de-
fined in arbitrary dimensions. In particular the generalization of the Chern-Simons
actions into arbitrary dimensions was proposed by one of the authors (N.K.) and
Watabiki[33, 34]. It is interesting to note that the generalized gauge theory also in-
troduce all the degrees of differential forms as gauge fields and parameters together
with quaternion structure.
This paper is organized as follows. In section 2 we show that the quantized
BF models with auxiliary fields in two dimensions have off-shell N=2 twisted su-
per symmetry. In section 3 we quantize the generalized two-dimensional topological
Yang-Mills theory with the instanton gauge fixing and show that the quantized
action leads to twisted N=2 super Yang-Mills action at the on-shell level. In sec-
tion 4 we formulate the twisted N=2 super space formalism for chiral super fields
and vector super fields and show that the quantized BF actions and the quantized
topological Yang-Mills action of generalized gauge theory in two dimensions can be
written down by chiral and vector superfields and thus possess off-shell N=2 twisted
super symmetry. In section 5 we explain that the twisting mechanism is essentially
equivalent to the Dirac-Ka¨hler fermion formulation. Conclusions and discussions
are given in the final section.
2
2 A simple model of twisted N=D=2
2.1 Twisted D=N=2 Supersymmetry Algebra
In this subsection, we summarize the construction of the twisted D=N=2 super-
symmetry algebra[3, 4]. Throughout this paper, we consider the two-dimensional
Euclidean space-time. The notation is summarized in Appendix.
We first introduce D=N=2 supersymmetry algebra without a central extension:
{Qαi, Qβj} = 2δijγµαβPµ,
[Pµ, Qαi] = 0,
[J,Qαi] =
i
2
(γ5)α
βQβi,
[R,Qαi] =
i
2
(γ5)i
jQαj ,
[J, Pµ] = iǫµ
νPν ,
[Pµ, Pν] = [Pµ, R] = [J,R] = 0.
(2.1)
Here Qαi is super-charge, where the left-indices α(= 1, 2) and the right-indices i(=
1, 2) are Lorentz spinor and internal spinor suffixes labeling two different N=2 super-
charges, respectively. We can take these operators to be Majorana. Pµ is generator of
translation. J and R are generators of SO(2) Lorentz and SO(2)I internal rotation
called R symmetry, respectively.
The essential meaning of the topological twist is to identify the isospinor indices
as the spinor ones. Then isospinor should transform as spinor under the Lorentz
transformation. This will lead to a redefinition of the energy-momentum tensor and
the Lorentz rotation generator.
We can redefine the energy-momentum tensor Tµν as the following relation with-
out breaking the conservation law:
T ′µν = Tµν + ǫµρ∂
ρRν + ǫνρ∂
ρRµ, (2.2)
where Rµ is the conserved current associated with R symmetry[1, 10, 18]. This
modification leads to a redefinition of the Lorentz generator,
J ′ = J +R. (2.3)
This rotation group is interpreted as the diagonal subgroup of SO(2)× SO(2)I .
Now the super charges have double spinor indices and thus can be decomposed
into the following scalar, vector and pseudo-scalar components:
Qαβ =
(
1Q + γµQµ + γ
5Q˜
)
αβ
, (2.4)
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or equivalently,
Q =
1
2
Tr(Q)
Qµ =
1
2
Tr(γµQ)
Q˜ = −1
2
Tr(γ5Q)
(2.5)
The relations (2.1) can be rewritten by the twisted generators:
{Q,Qµ} = Pµ, {Q˜, Qµ} = −ǫµνP ν, Q2 = Q˜2 = {Q, Q˜} = {Qµ, Qν} = 0,
[Q,Pµ] = [Q˜, Pµ] = 0, [Qµ, Pν ] = 0,
[J ′, Q] = [J ′, Q˜] = 0, [J ′, Qµ] = iǫµνQ
ν ,
[R,Q] = i
2
Q˜, [R,Qµ] =
i
2
ǫµνQ
ν , [R, Q˜] = − i
2
Q,
[J ′, Pµ] = iǫµνP
ν ,
[Pµ, Pν] = [Pµ, R] = [J
′, R] = 0.
(2.6)
This is the twisted D=N=2 supersymmetry algebra.
2.2 N=D=2 Super BF from quantized BF theory
In order to reveal the fundamental relation between the quantization of topological
action and supersymmetry, we consider the simplest example of the two-dimensional
abelian BF theory[28, 29]. The action is given by
SABF =
∫
M2
d2xǫµνφ∂µων (2.7)
where M2 is a two-dimensional Euclidean manifold, ǫ
12 = ǫ12 = 1, and φ is a 0-form
field. This action has the following obvious gauge invariance:
δφ = 0,
δωµ = ∂µv.
(2.8)
To obtain the gauge fixed action, we introduce the ghost field c, anti-ghost field
c¯, and the auxiliary field b, and define their BRST transformation as follows:
sφ = 0,
sωµ = ∂µc,
sc = 0,
sc¯ = −ib,
sb = 0,
(2.9)
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where s2 = 0. Then we can obtain the gauge fixed action in the Landau gauge,
Son-shell AQBF =
∫
M2
d2x[ǫµνφ∂µων + is(c¯∂
µωµ)],
=
∫
M2
d2x[ǫµνφ∂µων + b∂
µωµ − ic¯∂µ∂µc].
(2.10)
This action has not only the BRST symmetry (2.9), but also has two more fermionic
symmetries[13-27] as shown in the following table 1. We can see that these operators
φA sφA sµφ
A s˜φA
φ 0 −ǫµν∂ν c¯ 0
ων ∂νc 0 −ǫνρ∂ρc
c 0 −iωµ 0
c¯ −ib 0 −iφ
b 0 ∂µc¯ 0
Table 1: On-shell N=2 twisted super transformation of abelian BF model.
satisfy the following relations if the equations of motion holds:
s2 = {s, s˜} = s˜2 = {sµ, sν} = 0,
{s, sµ} = −i∂µ, {s˜, sµ} = iǫµν∂ν .
(2.11)
This is the twisted D=N=2 supersymmetry algebra which can be recognized by
defining the super charge operators,
Qαi =
(
1s+ γµsµ + γ
5s˜
)
αi
, (2.12)
which satisfy the following extended N=2 supersymmetry:
{Qαi, Qβj} = 2δijγµαβPµ. (2.13)
Thus the quantuzed BF theory fixed in Landau gauge has the twisted D=N=2
supersymmetry at the on-shell level.
By adding auxilialy fields to eq.(2.10) we can find off-shell N=2 supersymmetric
action
Soff-shell AQBF =
∫
M2
d2x[ǫµνφ∂µων + b∂
µωµ − ic¯∂µ∂µc− iλρ], (2.14)
which has the off-shell extended N=2 supersymmetry invariance shown in Table 2.
It turns out that the off-shell N=2 supersymmetric action is equivalent to the
following simple form:
Soff-shell AQBF =
∫
M2
d2xss˜
1
2
ǫµνsµsν(−ic¯c). (2.15)
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φA sφA sµφ
A s˜φA
φ iρ −ǫµν∂ν c¯ 0
ων ∂νc −iǫµνλ −ǫνρ∂ρc
c 0 −iωµ 0
c¯ −ib 0 −iφ
b 0 ∂µc¯ −iρ
λ ǫµν∂µων 0 −∂µωµ
ρ 0 −∂µφ− ǫµν∂νb 0
Table 2: Off-shell N=2 twisted super transformation of abelian BF model.
This form of action suggests that there is a superspace formulation of extended
twisted N=2 supersymmetry.
The extension from abelian group to non-abelian group is straightforward. The
off-shell N=2 supersymmetric quantized BF action with non-abelian gauge group is
given by:
Soff-shell NABQBF =
∫
M2
d2x Tr [φF + b∂µωµ + i∂
µc¯Dµc− iλρ], (2.16)
where the fields are all Lie algebra valued and
F = ǫµν(∂µων + ωµων) (2.17)
Dµ = ∂µc + [ωµ, c]. (2.18)
The off-shell extended N=2 supersymmetry transformation is given in Table 3.
φA sφA sµφ
A s˜φA
φ [φ, c] + iρ −ǫµν∂ν c¯ 0
ων Dνc −iǫµνλ −ǫνρ∂ρc
c −c2 −iωµ 0
c¯ −ib 0 −iφ
b 0 ∂µc¯ −[φ, c]− iρ
λ F − {λ, c} 0 −∂µωµ
ρ −{ρ, c} −Dµφ− ǫµν∂νb− iǫµν{∂ν c¯, c} 0
Table 3: Off-shell N=2 twisted super transformation of non-abelian BF model.
Just like in the abelian case this off-shell N=2 super symmetric action can be
equivalently written down by the same simple form as the abelian case
Soff-shell NABQBF =
∫
M2
d2xss˜
1
2
ǫµνsµsνTr(−ic¯c), (2.19)
which again suggests the N=2 twisted superspace formalism.
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3 N=D=2 super Yang-Mills from quantized gen-
eralized topological Yang-Mills
In this subsection, we briefly summarize the formulation of the generalized gauge
theory introduced by Kawamoto and Watabiki[33, 34], and the twisted D=N=2
generalized topological Yang-Mills model[12].
3.1 Generalized gauge theory
The generalized gauge field A and the generalized gauge parameter V are defined
as follows:
A = 1ψ + iψˆ + jA + kAˆ, (3.1)
V = 1aˆ+ ia + jαˆ + kα. (3.2)
Here (ψ, α), (ψˆ, αˆ), (A, a), and (Aˆ, aˆ) are the direct sums of fermionic odd-forms,
fermionic even-forms, bosonic odd-forms, and bosonic even-forms, respectively, and
they are defined as the following graded Lie algebra valued fields:
A = AaTa, Aˆ = Aˆ
αΣα, ψ = ψ
αΣα, ψˆ = ψˆ
aTa, (3.3)
aˆ = aˆaTa, a = a
αΣα, αˆ = αˆ
αΣα, α = α
aTa, (3.4)
where the generators Ta and Σα satisfy the relations
[Ta, Tb] = f
c
abTc , [Ta,Σβ] = g
γ
aβΣγ , {Σα,Σβ} = hcαβTc. (3.5)
The symbols 1, i, j, and k satisfy the following quaternion algebra:
12 = 1, i2 = j2 = k2 = −1, (3.6)
ij = −ji = k, jk = −kj = i,ki = −ik = j. (3.7)
The generalized Chern-Simons action on the even and odd dimensional manifold
are given
Seven =
∫
Meven
Trk
(
AQA+ 2
3
A3
)
, (3.8)
Sodd =
∫
Modd
Strj
(
AQA+ 2
3
A3
)
, (3.9)
where the traces Trk(· · · ) and Strk(· · · ) are defined so as to pick up the coefficient
of k and j from (· · · ), respectively, and fulfill the following characteristic of traces:
Tr[Ta, · · · ] = Tr[Σα, · · · ] = 0,
Str[Ta, · · · ] = Str{Σα, · · · } = 0,
(3.10)
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where the number of Σαs in · · · of {Σα, · · · } should be odd. The differential operator
Q is defined as follows:
Q = jd. (3.11)
where d = dxµ∂µ.
The generalized Chern-Simons actions (3.8) and (3.9) are invariant under the
following gauge transformation:
δA = [Q+A,V]. (3.12)
This symmetry is larger than the usual gauge symmetry since the generalized gauge
parameter V contains the various form parameters.
As in the usual gauge theory, it is possible to define the generalized Chern char-
acter:
Str1(Fn) = Str1(QΩ2n−1), (3.13)
Tri(Fn) = Tri(QΩ2n−1), (3.14)
where F is the generalized curvature
F = QA+A2, (3.15)
and Ω2n−1 is the generalized Chern-Simons form. Equations (3.13) and (3.14) are
bosonic even form and bosonic odd form, respectively. In case of n = 2, the topo-
logical Yang-Mills type action can be obtained from the generalized Chern-Simons
Lagrangian in an even-dimensional manifold M as follows:
STYM =
∫
M
Str1(F2) =
∫
M
Str1
[
Q
(
AQA+ 2
3
A3
)]
. (3.16)
3.2 Quantization of generalized topological Yang-Mills ac-
tion in D=2
The two dimensional generalized gauge field without fermionic components can be
taken as the form
A0 = jωaT a + k(φα +Bα)Σα, (3.17)
where φ, ω, and B are graded Lie algebra valued bosonic 0-, 1-, and 2-form field,
respectively. We can take the following algebra as the graded Lie algebra:
{T a} = {1, γ5}, {Σα} = {γ1, γ2}, (3.18)
then Str can be taken
Str(· · · ) = Tr(γ5 · · · ). (3.19)
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The generalized curvature is given by
F0 = QA0 +A02
= −1(dω + φ2 + {φ,B}) + i(dφ+ [ω, φ]). (3.20)
Now two-dimensional topological Yang-Mills action is given as follows:
STYM =
1
2
∫
Str1F02 = 1
2
∫
Str1
[
Q
(
A0QA0 + 2
3
A30
)]
=
∫
d2xǫµν(Fµν |φ|2 + ǫab(Dµφ)a(Dνφ)b)
=
∫
d2xǫµν∂µ(2ων |φ|2 + ǫabφa∂νφb),
(3.21)
where Fµν = ∂µων−∂νωµ, |φ|2 = φaφa, and (Dµφ)a = ∂µφa−2ǫabωµφb. In this action,
the scalar component of even form generators for the 1-form field and odd form
generator components of the 2-form field drop out due to the reducible structures
of the gauge transformations. Then the generalized gauge transformation turns out
to be the following SO(2) gauge transformation:
δgaugeφa = 2vǫabφ
b,
δgaugeωµ = ∂µv,
(3.22)
where v is the 0-form gauge parameter.
The Topological Yang-Mills action (3.21) has the topological shift symmetry:
δshiftφa = ua,
δshiftωµ = uµ,
(3.23)
where ua and uµ are the shift parameters.
We can see that the action (3.21) is invariant under the following BRST trans-
formation:
sφa = 2ǫabφ
bC − C˜a,
sωµ = ∂µC + C˜µ,
sC = −η,
sC˜a = 2ǫab(CC˜
b − φbη),
sC˜µ = ∂µη,
sη = 0,
(3.24)
where C, (C˜a, C˜µ), and η are the ghost associated with the SO(2) gauge parameter,
and the ghosts of the topological shift symmetry, and the ghost for the ghost of the
reducible gauge symmetry, respectively.
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We can find a two-dimensional instanton relation of the generalized gauge system
by imposing the self- (anti-self-) dual condition:
∗F0 = ±F0. (3.25)
Here the dual operator ∗ operates on the differential forms as the Hodge dual op-
eration, furthermore the dual of the generators and the quaternions are defined as
follows:
∗1 = −γ5, ∗γa = ǫabγb, ∗γ5 = −1, (3.26)
∗1 = 1, ∗i = −i. (3.27)
Then we can find the following minimal condition of the action leading to the
instanton relations:
1
2
∫
Str1 (±F0 ∧ F0 + F0 ∧ ∗F0)
=
∫
d2x
(
(F ± |φ|2)2 + 2(Dµφ)(±)a (Dµφ)(±)a
)
,
(3.28)
where F = 1
2
ǫµνF
µν , and (Dµφ)
(±)
a = 12 [(Dµφ)a ± ǫµνǫab(Dνφ)b]. The instanton
relations are obtained from the conditions for the absolute minima of the generalized
Yang-Mills action:
F − |φ|2 = 0, (Dµφ)(−)a = 0. (3.29)
Now we consider the following “partially” gauge fixed action:
S = S0 + s
∫
d2x
(
η¯∂µC˜µ
)
+ s
∫
d2x
[
λ
(
F − |φ|2 − 1
4
π˜
)
− χµa
(
(Dµφ)
(−)
a +
1
8
πµa
)]
+ s
∫
d2x
(
−2iǫabη¯φaC˜b
) (3.30)
where
sη¯ = ρ, sρ = 0,
sλ = π˜, sπ˜ = 0,
sχµa = πµa, sπµa = 0.
(3.31)
Here (η¯, λ, χµa) and (ρ, π˜, πµa) are the anti-ghost fields and auxiliary fields, respec-
tively. And the second, and the third terms in the right-hand-side of (3.30) corre-
spond to the condition of the gauge fixing ∂µC˜µ = 0 (the term “partially” means
that the degree of freedom for the SO(2) gauge parameter v is unfixed), and the
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instanton relations (3.29), respectively. The anti-self-dual fields χµa and πµa obey
the following conditions:
χµa = −ǫµνǫabχνb, πµa = −ǫµνǫabπνb. (3.32)
After integrating π˜ and πµa in (3.30), we obtain the following action:
S =
∫
d2x
[
1
2
F µνFµν + (Dµφ)a(D
µφ)a + |φ|4
+ iρ∂µC˜
µ − iλǫµν∂µC˜ν
− iχµa(DµC˜)a + ∂µη¯∂µη
− 2iǫabρφaC˜b − 2iλφaC˜a − 2iχµaǫabC˜µφb
− i
4
ǫµνχµaχν
aη + 2iη¯ǫabC˜
aC˜b + 4ηη¯|φ|2
]
.
(3.33)
This action is invariant under the SO(2) gauge transformation:
δgauge(φa, C˜a, χµa) = 2vǫab(φ
b, C˜b, χµ
b),
δgaugeωµ = ∂µv,
δgauge(C˜µ, ρ, λ, η, η) = 0,
(3.34)
where v is the gauge parameter.
Furthermore the action (3.33) has the fermionic symmetries s, sµ, and s˜ defined
in Table 4. These transformation laws construct the on-shell twisted N=2 super-
φA sφA sµφ
A s˜φA
φa −C˜a 12χµa −ǫabC˜b
χνa 4i(Dνφ)
(−)
a −4i(δµνǫab − ǫµνδab)ηφb −4iǫνρ(Dρφ)(−)a
ων C˜ν −12(ǫµνλ+ δµνρ) ǫνρC˜ρ
λ −2i(F − |φ|2) 2iǫµρ∂ρη 0
C˜a −2iǫabφbη −2i(Dµφ)(+)a −2iφaη
η ρ 0 −λ
C˜ν i∂νη i(Fµν + ǫµν |φ|2) −iǫνρ∂ρη
ρ 0 2i∂µη −2i(F − |φ|2)
η 0 2C˜µ 0
Table 4: On-shell N=2 twisted super transformation.
symmetry algebra: the operators s, sµ, and s˜ obey the following relations if the
11
equations of motion obtained from the action (3.33) holds:
s2 = iδgauge η,
{s, sµ} = 2i∂µ − 2iδgauge ωµ,
{s˜, sµ} = −2iǫµν∂ν + 2iδgauge ǫµνων ,
s˜2 = iδgauge η,
{s, s˜} = 0,
{sµ, sν} = −2iδµνδgauge η,
(3.35)
where δgauge φA is given in (3.34).
The ghost field sets (ρ, C˜µ, λ) and (C˜a, χµa) can construct the Dirac-Ka¨hler
fermions as follows:
ψ = 1
2
(ρ+ γµC˜µ − γ5λ), (3.36)
χ = 1
2
(−C˜1 + γµχµ1 − γ5C˜2). (3.37)
Indeed the kinetic terms of these fields in (3.33) can be expressed as∫
d2x
[
iρ∂µC˜
µ − iλǫµν∂µC˜ν − iχµa(DµC˜)a
]
=
∫
d2x
[
iTr(ψγµ∂µψ) + iTr(χγ
µ∂µχ)
]
,
(3.38)
where (ψ, χ) = (CψTC−1, CχTC−1) = (ψT , χT ).
Thus the action turns out to be the following action with the Dirac-Ka¨hler
fermions ψ and χ:
S =
∫
d2x
[
1
2
F µνFµν + (Dµφ)i(D
µφ)i + |φ|4
+ iTr(ψγµ∂µψ) + iTr(χγ
µDµχ)
− 4iφ1Tr(ψγ5χ) + 4iφ1Tr(ψγ5χγ5)
− i
√
2ATr(χγ5χ) + i
√
2BTr(χχγ5)
− 1
2
A∂2A+ 1
2
B∂2B + 2(A2 −B2)|φ|2
]
,
(3.39)
where Dµχ = ∂µχ+ 2ωµχγ
5, and
η = 1
2
√
2
(A− B), η =
√
2(A+B). (3.40)
This action is equivalent to N=2 super Yang-Mills with the Abelian Higgs system
[41] and also topological Bogomol’nyi theory [42] except for the symmetry breaking
potential.
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4 Twisted N=D=2 superspace formalism
In this section we propose the twisted superspace formalism which will reproduce
the off-shell N=D=2 BF model and the super Yang-Mills action of the previous
section.
4.1 Twisted superspace and superfield
We consider the following group element:
G(xµ, θ, θµ, θ˜) = ei(−x
µPµ+θQ+θµQµ+θ˜Q˜), (4.1)
where all θ’s are anticommuting parameters. Twisted D=N=2 superspace is defined
in the parameter space of (xµ, θ, θµ, θ˜).
By using the relations (2.6) and the Hausdorff’s formula eAeB = eA+B+
1
2
[A,B]+···,
we can show the following relation:
G(0, ξ, ξµ, ξ˜)G(xµ, θ, θµ, θ˜) = G(xµ + aµ, θ + ξ, θµ + ξµ, θ˜ + ξ˜), (4.2)
where aµ = i
2
ξθµ + i
2
ξµθ + i
2
ǫµνξ
ν θ˜ + i
2
ǫµν ξ˜θ
ν . This multiplication induces a shift
transformation in superspace (xµ, θ, θµ, θ˜):
(xµ, θ, θµ, θ˜)→ (xµ + aµ, θ + ξ, θµ + ξµ, θ˜ + ξ˜). (4.3)
This transformation can be generated by the differential operators Q, Qµ, and Q˜:
Q =
∂
∂θ
+
i
2
θµ∂µ,
Qµ =
∂
∂θµ
+
i
2
θ∂µ − i
2
θ˜ǫµν∂
ν ,
Q˜ =
∂
∂θ˜
− i
2
θµǫµν∂
ν .
(4.4)
Indeed we find
δξ


xµ
θ
θµ
θ˜

 = (ξQ+ ξµQµ + ξ˜Q˜)


xµ
θ
θµ
θ˜

 =


aµ
ξ
ξµ
ξ˜

 . (4.5)
These operators satisfy the following relations:
{Q,Qµ} = i∂µ, {Q˜, Qµ} = −iǫµν∂ν ,
Q2 = Q˜2 = {Q, Q˜} = {Qµ, Qν} = 0.
(4.6)
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The general scalar superfields in twisted D=N=2 superspace are defined as the
functions of (xµ, θ, θµ, θ˜), and can be expanded as follows:
F (xµ, θ, θµ, θ˜) =φ(x) + θµφµ(x) + θ
2φ˜(x)
+ θ
(
ψ(x) + θµψµ(x) + θ
2ψ˜(x)
)
+ θ˜
(
χ(x) + θµχµ(x) + θ
2χ˜(x)
)
+ θθ˜
(
λ(x) + θµλµ(x) + θ
2λ˜(x)
)
,
(4.7)
where the leading component φ(x) can be taken to be not only bosonic but also
fermionic.
The transformation law of the superfield F is defined as follows:
δξF (x
µ, θ, θµ, θ˜) =δξφ(x) + θ
µδξφµ(x) + θ
2δξφ˜(x)
+ θ
(
δξψ(x) + θ
µδξψµ(x) + θ
2δξψ˜(x)
)
+ θ˜
(
δξχ(x) + θ
µδξχµ(x) + θ
2δξχ˜(x)
)
+ θθ˜
(
δξλ(x) + θ
µδξλµ(x) + θ
2δξλ˜(x)
)
=(ξQ+ ξµQµ + ξ˜Q˜)F (x
µ, θ, θµ, θ˜),
(4.8)
where Q, Qµ and Q˜ are the differential operators (4.4). The transformation laws
of the component fields φA(x) = (φ(x), φµ(x), φ˜(x), . . . ) are obtained by compar-
ing coefficients of the same superspace parameters in (4.8) (see Table 5). Those
transformation laws lead to the following super-charge algebra:
{Q,Qµ} = −i∂µ, {Q˜, Qµ} = iǫµν∂ν ,
Q2 = Q˜2 = {Q, Q˜} = {Qµ, Qν} = 0,
(4.9)
which are the same of (2.6) with Pµ = −i∂µ. It should be noted that the only differ-
ence between the super charge algebra and the corresponding differential operator
algebra is a sign difference for the derivative.
Given the transformation laws of the component fields, we can expand the su-
perfield F as follows:
F (xµ, θ, θµ, θ˜) = eδθφ(x)
= φ(x) + δθφ(x) +
1
2
δθ
2φ(x) +
1
3!
δθ
3φ(x) +
1
4!
δθ
4φ(x),
(4.10)
where δθ is defined as
δθ = θQ + θ
µQµ + θ˜Q˜. (4.11)
As we have seen, the differential operators in (4.4) generate the shift transfor-
mation of superspace induced by left multiplication G(0, ξ, ξµ, ξ˜)G(xµ, θ, θµ, θ˜). On
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φA QφA Qµφ
A Q˜φA
φ ψ φµ χ
φρ −ψρ − i2∂ρφ −ǫµρφ˜ −χρ + i2ǫρσ∂σφ
φ˜ ψ˜ + i
2
ǫρσ∂ρφσ 0 χ˜− i2∂ρφρ
ψ 0 ψµ − i2∂µφ λ
ψρ − i2∂ρψ −ǫµρψ˜ + i2∂µφρ −λρ + i2ǫρσ∂σψ
ψ˜ i
2
ǫρσ∂ρψσ − i2∂µφ˜ λ˜− i2∂ρψρ
χ −λ χµ + i2ǫµν∂νφ 0
χρ λρ − i2∂ρχ −ǫµρχ˜− i2ǫµν∂νφρ + i2ǫρσ∂σχ
χ˜ −λ˜ + i
2
ǫρσ∂ρχσ
i
2
ǫµν∂
ν φ˜ − i
2
∂ρχρ
λ 0 λµ +
i
2
∂µχ +
i
2
ǫµν∂
νψ 0
λρ − i2∂ρλ −ǫµρλ˜− i2∂µχρ − i2ǫµν∂νψρ i2ǫρσ∂σλ
λ˜ i
2
ǫρσ∂ρλσ
i
2
∂µχ˜+
i
2
ǫµν∂
νψ˜ − i
2
∂ρλρ
Table 5: Transformation laws of the component fields of F
the other hand, there exist the differential operators which generate the shift trans-
formation induced by right multiplication G(xµ, θ, θµ, θ˜)G(0, ξ, ξµ, ξ˜):
D =
∂
∂θ
− i
2
θµ∂µ,
Dµ =
∂
∂θµ
− i
2
θ∂µ +
i
2
θ˜ǫµν∂
ν ,
D˜ =
∂
∂θ˜
+
i
2
θµǫµν∂
ν ,
(4.12)
which satisfy the relations:
{D,Dµ} = −i∂µ, {D˜,Dµ} = iǫµν∂ν ,
D2 = D˜2 = {D, D˜} = {Dµ, Dν} = 0,
(4.13)
where only the sign of ∂µ is changed from the left operator algebra (4.6). Q
A =
(Q,Qµ, Q˜) and D
A = (D,Dµ, D˜) anticommute:
{QA, DB} = 0. (4.14)
4.2 Chiral decomposition of twisted supercharge
We have defined the general scalar superfields in the previous subsection. However
their representations are reducible. We can obtain the irreducible representations
by imposing chiral conditions. In this subsection we introduce the twisted chiral
differential operators by which superfields can be classified.
Let us first introduce the following chiral generators:
Q± =
1√
2
(Q∓ iQ˜), Q±µ =
1√
2
(Qµ ± iǫµνQν). (4.15)
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As we can see from (2.6), these new generators satisfy the following relations:
Q±2 = 0, {Q+, Q−} = 0,
{Q±, Q±µ} = δ±µνP ν , {Q±, Q∓µ} = 0, (4.16)
{Q±µ, Q±ν} = 0, {Q+µ, Q−ν} = 0,
where
δ±µν = δµν ± iǫµν . (4.17)
The super-transformation δθ can be represented by the generators Q
+, Q+µ, Q
−,
and Q−µ:
δθ = θQ + θ
µQµ + θ˜Q˜ = θ
−Q+ + 1
2
θ−µQ+µ + θ
+Q− + 1
2
θ+µQ−µ, (4.18)
where
θ± =
1√
2
(θ ∓ iθ˜), θ±µ = 1√
2
(θµ ± iǫµνθν). (4.19)
These new parameters satisfy the following properties:
(θ±)∗ = θ∓, (θ±µ)
∗ = θ∓µ, (4.20)
where θ+µ and θ−µ are self-dual and anti-self-dual parameters, respectively, in the
following sense:
θ±µ = ±iǫµνθ±ν . (4.21)
Now we redefine superspace by newly defined fermionic chiral parameters
(xµ, θ+, θ+µ, θ−, θ−µ). The differential operators corresponding to the chiral genera-
tors defined in (4.15) are obtained from (4.4)
Q∓ =
∂
∂θ±
+
i
4
θ±µ∂∓µ,
Q∓µ =
∂
∂θ±µ
+
i
2
θ±∂∓µ,
(4.22)
which satisfy the following operator relations:
Q±2 = 0, {Q+, Q−} = 0,
{Q±, Q±µ} = i∂±µ, {Q±, Q∓µ} = 0, (4.23)
{Q±µ, Q±ν} = 0, {Q+µ, Q−ν} = 0,
with
∂±µ = ∂µ ± iǫµν∂ν . (4.24)
It is worth to note the following relations with the current conventions:
(Q∓)∗ = −Q±, (Q∓µ )∗ = −Q±µ(
∂
∂θ±
)∗
= − ∂
∂θ∓
,
(
∂
∂θ±µ
)∗
= − ∂
∂θ∓µ
∂±µ x
ν =
∂
∂θ±µ
θ±ν = δ±µ
ν
, (4.25)
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where δ±µν is defined in (4.17).
The differential operators which generate the shift from right multiplication are
obtained from (4.12)
D∓ ≡ 1√
2
(D ± iD˜) = ∂
∂θ±
− i
4
θ±µ∂∓µ,
D∓µ ≡ 1√
2
(Dµ ∓ iǫµνDν) = ∂
∂θ±µ
− i
2
θ±∂∓µ,
(4.26)
which satisfy
D±2 = 0, {D+, D−} = 0,
{D±, D±µ} = −i∂±µ, {D±, D∓µ} = 0, (4.27)
{D±µ, D±ν} = 0, {D+µ, D−ν} = 0.
The differential operators Q′A = (Q±, Q±µ) and D′A = (D±, D±µ) anticommute:
{Q′A, D′B} = 0. (4.28)
4.3 Chiral superfields
We can classify the chiral superfields into four types which are constrained by the
following four types of conditions:
D+Ψ = D−Ψ = 0, (4.29)
D+µΨ = D
−
µΨ = 0, (4.30)
D+µΦ = D
−Φ = 0, (4.31)
D+Φ+ = D−µΦ
+ = 0. (4.32)
Here in this subsection we consider that the superfield has single component and
thus all the component fields have abelian nature.
4.3.1 Ψ and Ψ
Firstly, we consider the chiral superfields characterized by the conditions (4.29) and
(4.30).
From the definition (4.26) we see that the condition (4.29) is equivalent to the
condition
DΨ = D˜Ψ = 0. (4.33)
The superfields satisfying the above condition are functions of
zµ = xµ +
i
2
θθµ − i
2
ǫµνθ
ν θ˜ (4.34)
17
and θµ since
Dzµ = Dθµ = 0, D˜zµ = D˜θµ = 0. (4.35)
In general we have the following relation:
eθ
µQµeθQ+θ˜Q˜ϕ(xµ) = eδθ−
1
2
θθµi∂µ+
1
2
θ˜θµiǫµν∂
ν
ϕ(xµ)
= eδθϕ
(
xµ − i
2
θθµ +
i
2
ǫµνθν θ˜
)
, (4.36)
and thus
eδθϕ(xµ) = eθ
µQµeθQ+θ˜Q˜ϕ(zµ), (4.37)
where δθ is given by (4.11). Therefore the chiral superfield Ψ can be expanded as
follows:
Ψ = Ψ(zµ, θµ) = eδθφ(x) = eθ
µQµφ(z)
= φ(z) + θµφµ(z) + θ
2φ˜(z)
= φ(x) + θµφµ(x)
+ i
2
θθµ∂µφ(x) + θ
2φ˜(x)− i
2
ǫµνθ
ν θ˜∂µφ(x)
+ i
2
θθ2ǫµν∂µφν − i2θ2θ˜∂µφµ + 14θ4∂2φ(x),
(4.38)
where θ2 = 1
2
ǫµνθ
µθν and θ4 = θθ˜θ2. The set (φ, φµ, φ˜) constructs twisted N=2
off-shell super multiplet(see Table 6).
φA QφA Qµφ
A Q˜φA
φ 0 φµ 0
φρ −i∂ρφ −ǫµρφ˜ iǫρν∂νφ
φ˜ iǫρσ∂ρφσ 0 −i∂ρφρ
ψ χ 0 χ˜
χ 0 −i∂µψ ψ˜
χ˜ −ψ˜ iǫµν∂νψ 0
ψ˜ 0 iǫµν∂
νχ + i∂µχ˜ 0
Table 6: Chiral twisted super multiplet (φ, φµ, φ˜) and (ψ, χ, χ˜, ψ˜).
On the other hand we can see from (4.26), the conditions in (4.30) are equivalent
to the condition
DµΨ = 0. (4.39)
This type of chiral superfields are the functions of
z˜µ = xµ − i
2
θθµ +
i
2
ǫµνθ
ν θ˜, (4.40)
and θ, θ˜ since
Dµz˜
ν = 0, Dµθ = Dµθ˜ = 0. (4.41)
18
Then Ψ can be expanded as follows:
Ψ = Ψ(z˜µ, θ, θ˜) = eδθψ(x) = eθQ+θ˜Q˜ψ(z˜)
= ψ(z˜) + θχ(z˜) + θ˜χ˜(z˜) + θθ˜ψ˜(z˜)
= ψ(x) + θχ+ θ˜χ˜
+ θθ˜ψ˜(x)− i
2
θθµ∂µψ(x) +
i
2
ǫµνθ
ν θ˜∂µψ(x)
− i
2
θθµθ˜(ǫµν∂
νχ+ ∂µχ˜) +
1
4
θ4∂2ψ(x).
(4.42)
The set (ψ, χ, χ˜, ψ˜) also constructs a super multiplet(see Table 6).
We now introduce off-shell N=2 supersymmetric action:
S =
∫
d2x
∫
d4θ
(
iǫΨΨ(xµ, θ, θµ, θ˜)Ψ(xµ, θ, θµ, θ˜)
)
. (4.43)
We can take the chiral superfields to be not only bosonic but also fermionic. ǫΨ
should be taken 0 or 1 for bosonic or fermionic (Ψ,Ψ), respectively.
For fermionic (Ψ,Ψ), the fields in the expansion of the superfield (4.38) and
(4.42) can be renamed as:
Ψ = Ψ(zµ, θµ) = ieθ
µQµc(z) = ic(z) + θµωµ(z) + iθ
2λ(z)
Ψ = Ψ(z˜µ, θ, θ˜) = ieθQ+θ˜Q˜c(z˜) = ic(z˜) + θb(z˜) + θ˜φ(z˜)− iθθ˜ρ(z˜),
(4.44)
where we have the correspondence of the fields; (ψ, χ, χ˜, ψ˜) → (ic, b, φ,−iρ) and
(φ, φµ, φ˜)→ (ic, ωµ, iλ). Then the action (4.43) leads
Sf =
∫
d2x
∫
d4θ (iΨΨ) =
∫
d2x
∫
d4θ eδθ(−icc)
=
∫
M2
d2x QQ˜
1
2
ǫµνQµQν(−ic¯c)
=
∫
d2x
(
φǫµν∂µων + b∂
µωµ + i∂µc∂
µc− iλρ
)
, (4.45)
where δθ is defined in (4.11). This action is exactly the same as the quantized BF
action (2.14) which is off-shell N=2 supersymmetric. The off-shell N=2 supersym-
metry transformations of the fields in (4.44) is given in Table 6 and is exactly the
same as those of Table 2.
As we have already pointed out that the simple form of the action (2.15) has
suggested a hidden mechanism of a superspace formalism. We have in fact found the
twisted N=2 superspace formalism which reproduces the quantized BF action up
to the last term −iλρ which includes auxiliary fields and is crucial to fufill off-shell
N=2 supersymmetry. We find the following correspondence:
s = Q, sµ = Qµ, s˜ = Q˜. (4.46)
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where s = Q can be regarded as BRST charge associated with the gauge symmetry
δgaugeωµ = ∂µv with the Landau type gauge fixing, ∂µω
µ = 0. Integrating λ and ρ
out, the action (4.45) coincides exactly with the quantized BF action (2.10), where
the off-shell N=2 supersymmetry reduces to on-shell N=2 supersymmetry.
For bosonic (Ψ,Ψ) the action (4.43) can be written as follows:
Sb =
∫
d2x
∫
d4θ (ΨΨ) =
∫
d2x
∫
d4θ eδθ(ψφ)
=
∫
M2
d2x QQ˜
1
2
ǫµνQµQν(ψφ)
=
∫
d2x
(
iχ˜ǫµν∂µφν + iχ∂
µφµ − ∂µψ∂µφ+ ψ˜φ˜
)
, (4.47)
where (φ, ψ, φ˜, ψ˜) and (φµ, χ, χ˜) are bosonic and fermionic fields, respectively. The
fermionic terms in (4.47) change into matter fermions via Dirac-Ka¨hler fermion
mechanism: ∫
d2x (iχ˜ǫµν∂µφν + iχ∂
µφµ) =
∫
d2x Tr
(
iξγµ∂µξ
)
(4.48)
where the Dirac-Ka¨hler fermion ξ is defined as
ξαβ =
1
2
(
1χ+ γµφµ + γ
5χ˜
)
αβ
, (4.49)
with ξ = CξTC = ξT . We can recognize that each spinor suffix of this Dirac-Ka¨hler
fermion has the Majorana Weyl fermion nature. We now redefine the bosonic fields
as follows:
φ0 =
1
2
(φ+ ψ), φ1 =
1
2
(φ− ψ),
F0 =
1
2
(φ˜+ ψ˜), F1 =
1
2
(φ˜− ψ˜).
(4.50)
Then the action (4.47) can be rewritten by the new fields:
Sb =
∫
d2x
2∑
i=1
(
iξα
iγµαβ∂µξβ
i + ∂µφ
i∂µφi − F iF i
)
, (4.51)
where we further redefine iφ0 → φ2 and iF0 → F2 3. This is the 2-dimensional version
of N=2 Wess-Zumino action which has off-shell N=2 supersymmetry invariance. It
is important to recognize at this stage that the second suffix of the Dirac-Ka¨hler
matter fermion in the action is N=2 extended supersymmetry suffix.
3In general the ghosts carry the indefinite metric and thus have non-unitary nature while this
type of supersymmetric model is unitary. This change of sings for the quadratic terms can be
related with this fact[51].
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This shows that the fermionic and bosonic chiral bi-linear form of the super-
field actions lead an extended version of the quantized BF action and Wess-Zumino
action, respectively, which have off-shell N=2 supersymmetry invariance. It is in-
teresting to note that this extended quantized BF action (4.45) can be transformed
to the D=N=2 Wess-Zumino action. To see this, we make a chain of redefinitions
of fields, {φ, φ˜} → {φ, ρ˜} → {ψµ} and {χ, φµ, χ˜} → {χ, α, β, χ˜} → {χ, f, β, χ˜} →
{φ0, φ1, F0, F1}:
φ˜ = −∂2ρ˜, ψµ = ∂µφ+ ǫµν∂ν ρ˜,
φµ = ∂µα + ǫµν∂
νβ, f = ∂2α,
{
χ˜ = φ0 + φ1
β = φ0 − φ1 ,
{
χ = F0 + F1
f = F0 − F1.
(4.52)
Then the action (4.45) can be rewritten as the following Wess-Zumino action:
Sf =
∫
d2x
2∑
i=1
(
iψα
iγµαβ∂µψβ
i + ∂µφ
i∂µφi − F iF i
)
, (4.53)
where we again redefine iφ0 → φ2 and iF0 → F1, and the Dirac-Ka¨hler matter
fermion ψαβ is defined as
ψαβ =
1
2
(
1ψ + γµψµ + γ
5ψ˜
)
αβ
, (4.54)
where we have identified the second suffix of the Dirac-Ka¨hler fermion as N=2
supersymmetry suffix.
4.3.2 Non-abelian Extension
In this subsection we extend the abelian version of twisted superspace formulation
of the previous subsection into non-abelian case. We point out that the extension
from the abelian to a non-abelian version is straightforward, however, the chiral
structure is sacrificed by the non-abelian nature. Using the general relation (4.37),
we obtain the following superfield generated from the non-abelian ghost field:
Ψ = eδθc(xµ) = eθ
µsµeθs+θ˜s˜c(zµ) (4.55)
= eθ
µsµ(c+ θ(−c2)), (4.56)
where we have introduced BRST transformation of the non-abelian ghost field: sc =
−c2 in Table 3. Thus the superfield Ψ is the function of zµ, θµ and θ, and thus Ψ is
not twisted chiral superfield anymore since it includes θ and thus
DΨ 6= 0, D˜Ψ = 0. (4.57)
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We can yet expand the superfield Ψ in the following form:
Ψ = c(z)− iθµωµ(z) + θ2λ(z)− θc2(z) + iθθµ[ωµ(z), c(z)]
−θθ2
(
{λ(z), c(z)} − 1
2
ǫµν [ωµ(z), ων(z)]
)
= c(x) +
i
2
θθµ∂µc(x) +
i
2
θµθ˜ǫµν∂
νc(x) +
1
4
θ4∂2c(x)− θc2(x)− i
2
θθµθ˜ǫµν∂
νc2(x)
−iθµωµ(x)− 1
2
θ2θ˜∂µωµ(x) +
1
2
θθ2ǫµν∂µων(x) + θ
2λ(x) + iθθµ[ωµ(x), c(x)]
+
1
2
θ4∂µ[ωµ(x), c(x)]− θθ2({λ(x), c(x)} − ǫµν [ωµ(x), ων(x)]). (4.58)
Similarly we can construct the superfield Ψ generated from the nob-abelian anti-
ghost field:
Ψ = eδθc(xµ) = eθs+θ˜s˜ eθ
µsµ c(z˜µ) = eθs+θ˜s˜ c(z˜µ), (4.59)
which satisfies twisted anti-chiral condition (4.39). We can expand the superfield Ψ
in the following form:
Ψ = c(z)− iθb(z) − iθ˜φ(z) + iθθ˜ ([φ(z), c(z)] + iρ(z))
= c(x)− i
2
θθµ∂µc(x)− i
2
θµθ˜ǫµν∂
νc(x) +
1
4
θ4∂2c(x)− iθb(x)− 1
2
θθµθ˜ǫµν∂
νb(x)
−iθ˜φ(x)− 1
2
θθµθ˜∂µφ(x) + iθθ˜ ([φ(x), c(x)] + iρ(x)). (4.60)
Even though Ψ is not twisted chiral superfield we can still construct the off-shell
N=2 twisted super symmetric non-abelian BF action just like the abelian case:
Soff-shell NABQBF =
∫
d2x
∫
d4θ Tr(iΨΨ) =
∫
d2x
∫
d4θ eδθTr(−icc)
=
∫
d2x ss˜
1
2
ǫµνsµsνTr(−ic¯c)
=
∫
d2x Tr[φF + b∂µωµ + i∂
µc¯Dµc− iλρ]. (4.61)
4.3.3 Φ and Φ+
We consider chiral superfields constrained by the conditions (4.31)
D−Φ = D+µΦ = 0, (4.62)
where the gauge algebra is not introduced here. This type of chiral superfields are
the functions of yµ = xµ + i
2
θ+θ+µ − i
2
θ−θ−µ, θ+µ, and θ−, since
D−yµ = D−θ+µ = D−θ− = 0,
D+µ y
ν = D+µ θ
+ν = D+µ θ
− = 0. (4.63)
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Then the superfield can be expanded as follows:
Φ = Φ(yµ, θ+µ, θ−)
= eθ
−Q++ 1
2
θ+µQ−µ φ(y)
= φ(y) +
1
2
θ+µξ−µ(y) + θ
−
(
ξ(y) +
1
2
θ+µK−µ(y)
)
= φ(x) +
1
2
θ+µξ−µ(x) + θ
−ξ(x)
+
i
4
θ+θ+µ∂−µφ(x)− i
4
θ−θ−µ∂+µφ(x) +
1
2
θ−θ+µK−µ(x)
+
i
8
θ−θ+ρθ−ρ∂
+µξ−µ (x) +
i
4
θ+θ+µθ−∂−µξ(x)
− 1
8
θ+θ−θ+µθ−µ∂
2φ(x),
(4.64)
where ξ−µ and K
−
µ are anti-self-dual. The N=2 supersymmetry transformation
for the component fields φ, ξ−µ, ξ, and K
−
µ can be obtained by operating the
differential operators (4.22) to this representation (see Table 7).
Another type of chiral super fields Φ+ can be obtained by taking a conjugation
of Φ,
Φ+ = Φ∗ = φ∗(x)− 1
2
θ−µξ+µ(x)− θ+ξ∗(x)
− i
4
θ+θ+µ∂−µφ
∗(x) +
i
4
θ−θ−µ∂+µφ
∗(x)− 1
2
θ+θ−µK+µ(x)
+
i
8
θ+θ+ρθ−ρ∂
−µξ+µ(x) +
i
4
θ+θ−µθ−∂+µξ
∗(x)
− 1
8
θ+θ−θ+µθ−µ∂
2φ∗(x)
= φ∗(y+)− 1
2
θ−µξ+µ(y
+) + θ+
(
−ξ∗(y+)− 1
2
θ−µK+µ(y
+)
)
= Φ+(y+µ, θ−µ, θ+) = eθ
+Q−+ 1
2
θ−µQ+µ φ(y+),
(4.65)
where ξ+µ = (ξ
−
µ)
∗, K+µ = (K−µ)∗, and y+µ = xµ − i2θ+θ+µ + i2θ−θ−µ. Indeed Φ+
satisfy the following conditions:
D+Φ+ = D−µΦ
+ = 0, (4.66)
since
D+y+µ = D+θ+ = D+θ−µ = 0
D−µ y
+ν = D−µ θ
+ = D−µ θ
−ν = 0. (4.67)
Similarly we can find N=2 supersymmetry transformation laws of the component
fields φ∗, ξ+µ, ξ
∗, and K+µ(see Table 7).
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φA Q−φA Q−µφ
A Q+φA Q+µφ
A
φ 0 ξ−µ ξ 0
ξ−ρ −i∂−ρφ 0 −K−ρ 0
ξ 0 K−µ 0 −i∂+µφ
K−ρ −i∂−ρξ 0 0 i∂+µξ−ρ
φ∗ −ξ∗ 0 0 −ξ+µ
ξ+ρ −K+ρ 0 i∂+ρφ∗ 0
ξ∗ 0 i∂−µφ∗ 0 K+µ
K+ρ 0 i∂
−
µξ
+
ρ −i∂+ρξ∗ 0
Table 7: N=2 super-transformation of chiral twisted super multiplet.
(φ, ξ−ρ, ξ,K
−
ρ) and (φ
∗, ξ+ρ, ξ
∗, and K+ρ).
Since θ4 component of Φ+Φ transforms into a space derivative, the following
action is invariant under N=2 super-transformation:
S =
∫
d2x
∫
d4θ Φ+Φ
=
∫
d2x
[
1
4
∂+µφ∗∂−µφ− i
4
∂−µξ+µξ −
i
4
∂+µξ−µξ
∗ − 1
4
K−µK
+µ
]
=
∫
d2x
[
1
4
∂µφi∂
µφi − i
2
∂µξµψ − i
2
ǫµν∂µξνψ˜ − 1
4
KµK
µ
]
, (4.68)
where in the last equality we use the following redefinitions of fields:
φ =
1√
2
(φ1 − iφ2), Kµ = 1√
2
(K+µ +K
−
µ),
ξ =
1√
2
(ψ − iψ˜), ξµ = 1√
2
(ξ+µ + ξ
−
µ).
(4.69)
Here again, the set of fields (ψ, ξµ, ψ˜) in (4.69) lead matter fermion via Dirac-Ka¨hler
fermion mechanism:
−
∫
d2x
(
i
2
∂µξµψ +
i
2
ǫµν∂µξνψ˜
)
=
∫
d2x Tr
(
i
2
ξγµ∂µξ
)
, (4.70)
where
ξαβ =
1
2
(
1ψ + γµξµ + γ
5ψ˜
)
αβ
, (4.71)
and ξ = CξTC = ξT .
As we will see later, these types of chiral superfields will appear when the Yang-
Mills type action will be introduced. And then the fermionic contents (ξ, ξ∗, ξ+µ, ξ
−
µ)
will lead to matter fermion via Dirac-Ka¨hler fermion mechanism again.
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4.4 Vector superfields and gauge transformation
Vector superfield is defined as the superfield satisfying the condition
V = V ∗, (4.72)
and can be expanded as follows:
V (xµ, θ+, θ+µ, θ−, θ−µ)
= L(x) +
1
2
θ+µη−µ(x)−
1
2
θ−µη+µ(x) + θ
−η(x)− θ+η∗(x)
+
1
2
θ−θ+µM−µ(x)− 1
2
θ+θ−µM+µ(x)
+
1
2
θ+θ+µω−µ(x)− 1
2
θ−θ−µω+µ(x) + θ
+θ−A(x) +
1
2
θ+µθ−µB(x)
+
1
2
θ+θ+µθ−
(
λ−µ(x) +
i
2
∂−µη(x)
)
− 1
2
θ+θ−µθ−
(
λ+µ(x)− i
2
∂+µη
∗(x)
)
+
1
2
θ−θ+ρθ−ρ
(
λ(x) +
i
4
∂+µη
−µ(x)
)
− 1
2
θ+θ+ρθ−ρ
(
λ∗(x)− i
4
∂−µη
+µ(x)
)
+
1
2
θ+θ−θ+ρθ−ρ
(
D(x)− 1
4
∂2L(x)
)
, (4.73)
where L, A, B, and D must all be real.
We consider the following transformation:
V → V ′ = V + Λ+ Λ+, (4.74)
where Λ+ = Λ∗ and thus Λ + Λ+ satisfies the vector superspace condition (4.72).
Here Λ and Λ+ are chiral superfields,
Λ = v(x) +
1
2
θ+µζ−µ(x) + θ
−ζ(x)
+
i
4
θ+θ+µ∂−µv(x)− i
4
θ−θ−µ∂+µv(x) +
1
2
θ−θ+µN−µ(x)
+
i
8
θ−θ+ρθ−ρ∂
+µζ−µ(x) +
i
4
θ+θ+µθ−∂−µζ(x)
− 1
8
θ+θ−θ+µθ−µ∂
2v(x),
(4.75)
and
Λ+ = Λ∗ = v∗(x)− 1
2
θ−µζ+µ(x)− θ+ζ∗(x)
− i
4
θ+θ+µ∂−µv
∗(x) +
i
4
θ−θ−µ∂+µv
∗(x)− 1
2
θ−θ+µN+µ(x)
+
i
8
θ+θ+ρθ−ρ∂
−µζ+µ(x) +
i
4
θ+θ−µθ−∂+µζ
∗(x)
− 1
8
θ+θ−θ+µθ−µ∂
2v∗(x),
(4.76)
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where D+Λ = D−µΛ = 0 and D−Λ+ = D+µΛ+ = 0. Under this transformation, the
component fields of V transform as follows:
L→ L+ v + v∗,
η±µ → η±µ + ζ±µ,
η → η + ζ,
M±µ →M±µ +N±µ,
ω±µ → ω±µ + i
2
∂±µ(v − v∗),
A→ A,
B → B,
λ±µ → λ±µ,
λ→ λ,
D → D.
(4.77)
While ωµ =
1√
2
(ω+µ + ω
−
µ) transforms as:
ωµ → ωµ + ∂µIm(v), (4.78)
where we can identify ωµ and Im(v) as the gauge field and the gauge parameter,
respectively. Then the transformation (4.74), or (4.77), can be regarded as the
supersymmetric generalization of the gauge transformation.
We introduce the following superfields:
W =
1
2
D−D−µD
+µV, (4.79)
Wµ = D
+
µD
−D+V. (4.80)
These are chiral superfields:
D−W = 0, D+µW = 0,
D−Wµ = 0, D
+
ρWµ = 0,
(4.81)
and they are gauge invariant under the gauge transformation (4.74),
W → 1
2
D+D+µD
−µ(V + Λ + Λ+) = W, (4.82)
Wµ → D−µD+D−(V + Λ+ Λ+) =Wµ. (4.83)
In the following subsection, we introduce the super and gauge invariant action
described by the chiral super fields (Φ,W,Wµ), anti-chiral super field Φ
+ and the
vector superfield V .
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4.5 Twisted super Yang-Mills action
We introduce the following action:
S =
1
2
∫
d2x
∫
dθ+µdθ−WWµ + 4
∫
d2x
∫
d4θ Φ+egVΦ, (4.84)
where g is a constant, Φ and Φ+ are chiral superfields (4.64) and (4.65), respectively.
The gauge transformations of the chiral superfield are defined as follows:
Φ→ Φ′ = e−gΛΦ,
Φ+ → Φ′+ = Φ+e−gΛ+ . (4.85)
Since W and Wµ are chiral superfields, θ
+µθ− component ofWWµ transforms into a
space derivative, and therefore the first term in (4.84) is super and gauge invariant.
The second term is trivially super and gauge invariant.
By using the degrees of freedom of the gauge parameters except Im(v), we can
take a special gauge, Wess-Zumino gauge, in which L, η±µ, η, and M
±
µ are all set
to be zero by adjusting the parameters; v + v∗, ζ±µ, ζ , and N±µ respectively:
V (xµ, θ+, θ+µ, θ−, θ−µ)
=
1
2
θ+θ+µω−µ − 1
2
θ−θ−µω+µ + θ
+θ−A+
1
2
θ+µθ−µB
+
1
2
θ+θ+µθ−λ−µ − 1
2
θ+θ−µθ−λ+µ
+
1
2
θ−θ+ρθ−ρλ− 1
2
θ+θ+ρθ−ρλ
∗
+
1
2
θ+θ−θ+ρθ−ρD. (4.86)
Then W and Wµ turn out as follows:
W (yµ, θ+µ, θ−) = λ∗ − θ−
(
D − i
4
∂+ρω−ρ +
i
4
∂−ρω+ρ
)
+
i
2
θ+µ∂−µB − i
2
θ−θ+µ∂−µλ, (4.87)
Wµ(y
µ, θ+µ, θ−) = −λ+µ + iθ−∂+µA
+ θ+µ
(
D +
i
4
∂+ρω−ρ − i
4
∂−ρω+ρ
)
+
i
2
θ+µθ
−∂+ρλ−ρ. (4.88)
Once we take the Wess-Zumino gauge, the structure of supersymmetry breaks
down. The action is, however, invariant under a new supersymmetry transformation
combined with the gauge transformation; δ = δsuper + δgauge. We can redefine this
combined transformation as the new super transformation, where the new super-
symmetry algebra closes up to the gauge transformation.
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Now the action (4.84) in the Wess-Zumino gauge turns out as:
S =
∫
d2x
[
2
(
i
4
∂+µω−µ − i
4
∂−µω+µ
)2
+ i∂−µλ+µλ+ i∂
+µλ−µλ
∗ + ∂+µA∂
−µB − 2D2
− 2∂2φ∗φ−K−µK+µ − i∂−µξ+µξ − i∂+µξ−µξ∗
+ g
(
− i
2
φω−µ∂
+µφ∗ +
i
2
φ∗ω−µ∂
+µφ− i
2
φω+µ∂
−µφ∗ +
i
2
φ∗ω+µ∂
−µφ
− ξω−µξ+µ + ξ∗ω+µξ−µ + Aξ−µξ+µ − 2Bξξ∗
+ λ+µξ−µφ
∗ − λ−µξ+µφ+ 2λ∗ξφ∗ − 2λξ∗φ+ 2Dφφ∗
)
+ g2
(
ω−µω
+µφφ∗ + 2ABφφ∗
)]
. (4.89)
We redefine the component fields as:
φ =
1√
2
(φ1 − iφ2), ωµ = 1√
2
(ω+µ + ω
−
µ),
λ =
1√
2
(ρ− iρ˜), λµ = 1√
2
(λ+µ + λ
−
µ),
ξ =
1√
2
(C1 − iC2), Kµ = 1√
2
(K+µ +K
−
µ),
χµ1 =
1√
2
(ξ+µ + ξ
−
µ), χµ2 =
1√
2
ǫµν(ξ
+ν + ξ−ν),
(4.90)
where χµi is the anti-selfdual field which obeys the condition χµi = −ǫµνǫijχνj .
Then the action can be rewritten as follows:
S =
∫
d2x
[
1
2
F µνFµν + 2i∂
µλµρ+ 2iǫ
µν∂µλν ρ˜− 2A∂2B
− 2D2 + gDφiφi −KµKµ
+ (Dµφ)i(D
µφ)i + 2iχµi(DµC)
i
+
√
2igλµǫijχµiφj +
√
2ig(ρǫijCiφj + ρ˜Ciφ
i)
+
i
2
gAǫijχµiχ
µ
j − igBǫijCiCj + g2ABφiφi
]
,
(4.91)
where Fµν = ∂µων − ∂νωµ, and (Dµφ)i = ∂µφi − 1√2gωµǫijφj. This action is the off-
shell N=2 supersymmetry invariant extended version of the action (3.33) obtained
from partially gauge fixing of the generalized topological Yang-Mills action with the
instanton conditions. Indeed, integrating D and Kµ, the action (4.91) turns out to
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be equivalent to the action (3.33):
S =
∫
d2x
[
1
2
F µνFµν + 2i∂
µλµρ+ 2iǫ
µν∂µλν ρ˜− 2A∂2B
+ |φ|4 + (Dµφ)i(Dµφ)i + 2iχµi(DµC)i
+ 4iλµǫijχµiφj + 4i(ρǫ
ijCiφj + ρ˜Ciφ
i)
+
√
2iAǫijχµiχ
µ
j − 2
√
2iBǫijCiCj + 8AB|φ|2
]
,
(4.92)
where we set g = 2
√
2. Here the sets (φi, Ci, χµi) and (A,B, ωµ, ρ, λµ, ρ˜) are the
N=2 chiral multiplet and the N=2 vector multiplet, respectively, and their gauge
transformations are given by the transformations (4.85) and (4.74) in the Wess-
Zumino gauge:
δgauge(φi, Ci, χµi) = 2Im(v)ǫij(φ
j, Cj, χµ
j),
δgaugeωµ = ∂µv,
δgauge(A,B, ρ, λµ, ρ˜) = 0,
(4.93)
where Im(v) is the gauge parameter. These transformation of the fields is the SO(2)
gauge transformation (3.34).
5 Twisting as Dirac-Ka¨hler fermion mechanism
We have observed in the quantization of the generalized topological Yang-Mills the-
ory that a linear combination of the ghosts of shift symmetry of the topoligical
nature of generalized Yang-Mills; C˜µ and C˜a, the anti-ghosts of instanton gauge
fixing; χµa and λ, and the Lagrange multiplier of ghost symmetry; ρ, turn into mat-
ter fermions via the twisting procedure which we identify as Dirac-Ka¨hler fermion
mechanism[12]. In other words the vector or tensor suffices of ghost fields and La-
grange multiplier can be transformed into spinor suffices as in the eqs. (3.36) and
(3.37):
ψαi =
1
2
(ρ+ γµC˜µ − γ5λ)αi, (5.1)
χαi =
1
2
(−C˜1 + γµχµ1 − γ5C˜2)αi. (5.2)
It works exactly in the same way for the fields of (4.49) and (4.54).
ξαi =
1
2
(
1χ+ γµφµ + γ
5χ˜
)
αi
, (5.3)
ψαi =
1
2
(
1ψ + γµψµ + γ
5ψ˜
)
αi
. (5.4)
The super charges of N=2 supersymmetry and the twisted N=2 super charges
have the following relation:
Qαi =
(
1Q+ γµQµ + γ
5Q˜
)
αi
. (5.5)
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This leads to the following algebra including the angular momentum generator J
and R-symmetry generator R:
[J,Qαi] =
i
2
(γ5)α
βQβi,
[R,Qαi] =
i
2
(γ5)i
jQαj
(5.6)
and the algebra including the angular momentum generator of the twisted space J ′
and R:
[J ′, Q] = [J ′, Q˜] = 0, [J ′, Qµ] = iǫµνQ
ν ,
[R,Q] = i
2
Q˜, [R,Qµ] =
i
2
ǫµνQ
ν , [R, Q˜] = − i
2
Q.
(5.7)
Those generators have the following relation:
J ′ = J +R. (5.8)
As we can see from the above relations, the angular momentum generator J
generates the Lorentz rotation of the spinor suffix and thus the spinor fields ψαi, χαi
and ξαi, ψαi have half integer spin while the R-symmetry generator R rotates the
”flavor” suffix i of those fermion fields. It is, however, interesting to recognize that
the twisted angular momentum generator J ′ rotates the scalar, vector and tensor
suffix of twisted super charges. In other words the fermion fields with scalar, vector
and tensor suffixes transform as integer spin fermion fields. Thus the R-symmetry
generator R plays the role of shifting the integer spin of ghost fermions into the half
integer spin of the matter fermions.
This situation can be more clearly seen by the following concrete example. The
Lorentz transformation on the Dirac-Ka¨hler field ψ of (5.1) induced by J ′ is given
by
δJ ′ψ =
1
2
(
iǫµ
νC˜νγ
µ
)
= i
1
2
[γ5, ψ]. (5.9)
On the other hand the Lorentz transformation induced by J = J ′ −R is
δJψ = δJ ′ψ − δRψ
= i
1
2
γ5ψ, (5.10)
which precisely coincides with the Lorentz transformation of spinor field since the R-
symmetry rotation δRψ is the rotation of the ”flavor” suffix i of the matter fermions.
This shows that Dirac-Ka¨hler fermion mechanism is essentially related to the twist-
ing procedure with N = 2 supersymmetry.
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6 Conclusions and Discussions
We have explicitly shown that the BRST charge; s, the vector supersymmetry
charge; sµ, and pseudo scalar supersymmetry charge; s˜, constitute the twisted su-
per charges of D=N=2 super symmetry and are related to the N=2 supersymmetry
charges; Q, in the following simple relation:
Q =
(
1s+ γµsµ + γ
5s˜
)
, (6.1)
which has the same algebraic structure as the Dirac-Ka¨hler fermion formulation.
R-symmetry of N=2 super algebra is the ”flavor” symmetry of the Dirac-Ka¨hler
field.
Based on this supersymmetry algebra we have proposed the twisted D=N=2
superspace formalism. We have defined the twisted superspace in terms of explicitly
defined differential operators. We first have constructed models with the chiral
superfield set (Ψ,Ψ):
S = (−i)ǫΨ
∫
d2xd4θ Tr (ΨΨ), (6.2)
where Ψ and Ψ are chiral and anti-chiral superfields for Abelian case while the
chiral condition is broken for the non-Abelian case. We have explicitly shown that a
fermionic bilinear form of twisted N=2 chiral and anti-chiral superfields is equivalent
to the quantized version of BF theory with the Landau type gauge fixing while a
bosonic bilinear form leads to the N=2 Wess-Zumino action after nontrivial change
of field variables. In showing these equivalences we have found that the ghost fields
turn into matter fermion by the twisting mechanism. We claim that this twisting
mechanism is nothing but the Dirac-Ka¨hler fermion formulation, which is the essence
of the twisted superspace formulation.
Secondly, we have constructed the super and gauge invariant action with the
chiral superfields (Φ,Φ+) and the vector superfield V ,
S =
∫
d2x
∫
dθ+µdθ−WWµ + 4
∫
d2x
∫
d4θ Φ+egVΦ. (6.3)
We have shown that the action in the Wess-Zumino gauge turns out to be off-shell
twisted N=2 supersymmetric action which leads to the partially gauge fixed action
with the instanton conditions of the generalized topological Yang-Mills theory after
integrating auxiliary fields. The close relations between the twisting mechanism
and Dirac-Ka¨hler fermion mechanism can be more explicitly seen in this example.
The role of the R-symmetry and the change of the spin structre from ghost related
fermions to matter fermions in the Dirac-Ka¨hler fermion mechanism are explicitly
shown.
The Dirac-Ka¨hler fermion is formulated by introducing all the degrees of inho-
mogeneous differential forms which are then transformed into Dirac-Ka¨hler fermion
fields possessing the spinor and ”flavor” suffixes. It is interesting to recognize that
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the generalized gauge theory possesses all the degrees of differential forms as gauge
parameters which then turn into ghost fields after the quantization of the generalized
gauge fields[52, 53]. We expect that the quantized generalized gauge theory may
lead to extended supersymmetry invariant actions even in other dimensions than
two dimensions.
As we can see from the formulation, the generalization of the twisted superspace
formalism into four dimensions is very important proplem to pursue since we ex-
pect to obtain off-shell N=4 supersymmetric actions in four dimensions. There
are already some investigations on D=N=4 formulation of the topological field
theories[7, 59, 60, 61]. Along the line of the formulation of this paper we can indeed
generalize it into four dimensions, however, it is not easy to find the known actions
having N=4 supersymmetry[54].
Another important issue to recognize is that Dirac-Ka¨hler fermion is a curved
spacetime version of Kogut-Susskind fermion [55, 56] or staggered fermion [57] and
thus a natural framework of the lattice fermion formulation. It was shown in the
recent paper[58] that the Dirack-Ka¨hler fermion formulation can be defined in unam-
biguous way in terms of Clifford product by introducing noncommutative differential
form on the lattice. Here the notorious problem of the difficulty of the Leipnitz rule
on the lattice is avoided by paying the price of introducing noncommutativity. We
would like to show that the supersymmetry on the lattice with the noncommutativ-
ity will be realized by using the formulation of the twisted superspace formalism of
this article.
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Appendix
A. Notations
Throughout this paper, we consider the two-dimensional Euclidean space-time,
where the γ- matrices satisfy
{γµ, γν} = 2δµν1,
{γ5, γµ} = 0,
CγµC−1 = γµT ,
(A.1)
where γ5 = 1
2
ǫµνγ
µγν = γ1γ2 , ǫ12 = −ǫ21 = ǫ12 = −ǫ21 = 1, and C is charge
conjugation matrix which can be taken as C = 1 in the representation γµ = (σ3, σ1).
32
References
[1] E. Witten, Commun. Math. Phys. 117,353(1988); Commun. Math. Phys. 118
(1988) 411.
[2] L. Baulieu and I. Singer, Nucl. Phys. Proc. Suppl. B5 (1988) 12.
[3] R. Brooks, D. Montano and J. Sonnenschein, Phys. Lett. 214B (1988) 91.
[4] J.M.F. Labastida and M. Pernici, Phys. Lett. 212B (1988) 56; Phys. Lett.
213B (1988) 319.
[5] D. Birmingham, M. Rakowski and G. Thompson, Phys. Lett. 214B (1988) 381;
Phys. Lett. 212B (1988) 187; Nucl. Phys. B315 (1989) 577.
[6] L. Baulieu and B. Grossman, PHys. Lett. 212B (1988) 351; Phys. Lett. 214B
(1988) 223.
[7] J.P. Yamron, Phys. Lett. 213B (1988) 325.
[8] H. Kanno, Z. Phys. C43 (1989) 477.
[9] R. Brooks and D. Kastor, Phys. Lett. 246B (1990) 99.
[10] T. Eguchi and S.-K. Yang, Mod. Phys. Lett. A5 (1990) 1693.
[11] D. Birmingham, M. Blau and G. Thompson, Int. J. Mod. Phys. A5 (1990)
4721.
[12] N. Kawamoto and T. Tsukioka, Phys. Rev. D61(2000)105009.
[13] D. Birmingham, M. Rakowski, and G. Thompson, Nucl. Phys. B329, 83(1990).
[14] D. Birmingham and M. Rakowski, Mod. Phys. Lett. A 4, 1753(1989); Phys.
Lett. B 269, 103(1991); ibid B 272, 217 (1991).
[15] F. Delduc, F. Gieres, and S.P.Sorella, Phys. Lett. B225,367(1989).
[16] F. Delduc, C. Lucchesi, O. Piguet and S.P. Sorella, Nucl. Phys. B 346 (1990)
313.
[17] E. Guadagnini, N. Maggiore and S.P. Sorella, Phys. Lett. B247 (1990) 543;
Phys. Lett. B255 (1990) 65; Phys. Lett. B255 (1991) 65.
[18] J.M.F. Labastida and P.M. Llatas, Nucl. Phys. B372 (1992) 220.
[19] A. Blasi and N. Maggiore, Class. Quantum Grav. 10 (1993) 37.
[20] N. Maggiore and S.P. Sorella, Int. Journ. Mod. Phys. A8 (1993) 325.
[21] C. Lucchesi, O. Piguet and S. P. Sorella, Nucl. Phys. B395 (1993) 325.
33
[22] M. Alvarez and J.M.F. Labastida, Nucl. Phys. B437 (1995) 356.
[23] R. Leitgeb, M. Schweda, and H. Zerrouki, Nucl. Phys B542425(1999).
[24] J. L. Bold, C. A. G. Sasaki, S. P. Sorella, and L. C. Q. Vilar, J. Phys. A 34,
2743 (2001).
[25] F. Gieres, J. Grimstrup. T. Pisar and M. Schweda, JHEP0006(2000)018.
[26] F. Gieres, J. Grimstrup, H. Nieder, T. Pisar and M. Schweda, hep-th/0111258
(2001).
[27] F. Fucito, A. Tnazini, L.C.Q. Vilar, O.S. Ventura, C.A.G. Sasaki, S.P. Sorella,
hep-th/9707209.
[28] D. Birmingham, M. Blau, M. Rakowski and G. Thompson, Phys. Rep. 209
(1991) 129.
[29] M. Blau and G. Thompson, Ann. Phys. (N.Y.) 205 (1991) 130.
[30] J. Soda, Phys. Lett. B267 (1991) 214.
[31] S. Cordes, G. Moore and S. Rangoolam, Lectures on 2D Yang-Mills theory,
equivariant cohomology and topological field theories, in Les Houches Seccion
LXII, F. David, P. Ginsparg and J. Zinn-Justin, eds. (Elsevier, 1996), and
references therein.
[32] P. Pasanen, J. Phys. A 29, 8123 (1996).
[33] N. Kawamoto and Y. Watabiki, Commun. Math. Phys. 144, 641(1992);
Mod. Phys. Lett. A 7,1137(1992).
[34] N. Kawamoto and Y. Watabiki, Phys.Rev.D9(1992)605;
Nucl. Phys. B396(1993)326.
[35] N. Maggiore and S.P. Sorella, Nucl. Phys. B377 (1992) 236.
[36] C.A.G. Sasaki, A.P. Sorella, L.C.Q. Vilar and O.S. Ventura, Journ. Math. Phys.
39 (1998) 848.
[37] O. Piguet and S.P. Sorella, ”Algebraic Renormalization”Lecture Notes in
Physics, Vol. m28, Springer Verlag, 1995.
[38] O. M. Del Cima, K. Landsteiner, and M. Schweda, Phys.Lett. B439289(1998).
[39] P.H. Damgaard and V.O. Rivelles, Phys. Lett. B245 (1990) 48.
[40] R. Brooks, J-G. Demers and C. Lucchesi, Nucl. Phys. B 415, 353 (1994).
[41] P. Di Vecchia and S. Ferrara, Nucl. Phys. B130 (1977) 93.
34
[42] F.S. Schaposnik and G. Thompson, Phys. Lett. B224 (1989) 379.
[43] D. Ivanenko and L. Landau, Z. Phys. 48 (1928) 340.
[44] E. Ka¨hler, Rend. Math. Appl. 21,425 (1962).
[45] W. Graf, Ann. Inst. Henri Poincare A29 (1978) 85.
[46] P. Becher and H. Joos, Z. Phys. C15 (1982) 343.
[47] J.M. Rabin, Nucl. Phys. B201 (1982) 315.
[48] T. Banks, Y. Dothan and D. Horn, Phys. Lett. B117 (1982) 413.
[49] I.M. Benn and R.W. Tucker, Commun. Math. Phys. 89 (1983) 341.
[50] J.A. Bullinaria, Ann. Phys. 168 (1986) 301.
[51] N. Nakanishi and T. Kugo, private communications.
[52] N. Kawamoto, E. Ozawa and K. Suehiro, Mod. Phys. Lett. A12 (1997) 219.
[53] N. Kawamoto, K. Suehiro, T. Tsukioka and H. Umetsu, Commun. Math. Phys.
195 (1998) 233, Nucl. Phys. B532 (1998) 429.
[54] J. Kato, N. Kawamoto and A. Miyake, to appear.
[55] J. Kogut and L. Susskind, Phys. Rev. D11 (1975) 395;
[56] L. Susskind, Phys. Rev. D16 (1977) 3031.
[57] N. Kawamoto and J. Smit, Nucl. Phys. B192 (1981) 100.
[58] I. Kanamori and N. Kawamoto, hep-th/0305094; hep-lat/0309120.
[59] C. Vafa and E. Witten, Nucl. Phys. B431 (1994) 3.
[60] J.M.F. Labastida and C. Lozano, Nucl. Phys. B502 (1997) 741.
[61] V.E.R. Lemes, M.S. Sarandy, S.P. Sorella, A. Tnazini and O.S. Ventura, JHEP
0101 016 (2001).
35
